The Massive Dirac Equation in the Kerr Geometry: Separability in
  Eddington-Finkelstein-type Coordinates and Asymptotics by Röken, Christian
The Massive Dirac Equation in the Kerr Geometry: Separability
in Eddington–Finkelstein-type Coordinates and Asymptotics
Christian Ro¨ken1, 2
1Universita¨t Regensburg, Fakulta¨t fu¨r Mathematik, 93040 Regensburg, Germany
2Departamento de Geometr´ıa y Topolog´ıa, Facultad de Ciencias - Universidad de Granada,
Campus de Fuentenueva s/n, 18071 Granada, Spain
(Dated: February 2019)
ABSTRACT. The separability of the massive Dirac equation in the non-extreme Kerr geometry
in horizon-penetrating advanced Eddington–Finkelstein-type coordinates is shown. To this end, the
Kerr geometry is described in the Newman–Penrose formalism by a regular Carter tetrad and the
Dirac spinors and matrices are defined in a chiral Newman–Penrose dyad representation. Applying
Chandrasekhar’s mode ansatz, the Dirac equation is separated into radial and angular systems of
ordinary differential equations. Asymptotic radial solutions at infinity, the event horizon, and the
Cauchy horizon are derived, and the decay of the associated errors is analyzed. Moreover, specific
aspects of the angular eigenfunctions and eigenvalues are discussed. Finally, as an application,
the scattering of massive Dirac particles by the gravitational field of a rotating Kerr black hole is
studied. This work provides the basis for a Hamiltonian formulation of the massive Dirac equation
in the non-extreme Kerr geometry in horizon-penetrating coordinates and for the construction of an
integral spectral representation of the Dirac propagator that yields the dynamics of Dirac particles
outside, across, and inside the event horizon, up to the Cauchy horizon.
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2I. INTRODUCTION
Over the last five decades, the dynamics of relativistic spin-1/2 fermions (Dirac particles) in the Kerr ge-
ometry was studied extensively employing different approaches. The probably most established approach is
Chandrasekhar’s mode analysis [6–8], where the massive Dirac equation is separated by means of time and
azimuthal angle modes and a specific product ansatz for the radial and polar angle dependencies in the Dirac
spinors, which results in radial wave equations and a first-order system of angular ordinary differential equations
(ODEs). Within this framework, many physical processes like the emission and absorption of Dirac particles
by rotating Kerr black holes, Kerr black hole stability under fermionic field perturbations, and superradiance
were investigated [3, 31, 33, 35, 36]. However, it does not give rise to a description of the full time-dependent
dynamics of Dirac particles in the Kerr geometry. This was first analyzed in the framework of scattering theory
in [1, 5, 10, 21, 23, 24, 29]. More recently, a somewhat different approach to define the dynamics of Dirac particles
using an integral spectral representation of the Dirac propagator in the Hamiltonian framework was developed
[16–18]. This method combines results from both functional analysis and Chandrasekhar’s mode analysis, mak-
ing it possible to derive sharp decay rates for Dirac spinors as well as estimates for the probability of a Dirac
particle to fall into a Kerr black hole or escape to infinity.
The basis of the mode analysis approach is Chandrasekhar’s famous discovery that the massive Dirac equation
in the non-extreme Kerr geometry expressed in Boyer–Lindquist coordinates is separable, which was worked out
in his original article [6] from 1976 and led to a major breakthrough in the field of black hole physics. At that
time, this remarkable result came a bit as a surprise because the Dirac equation was not expected to be separable
in the Kerr geometry. Despite the tremendous impact of this discovery, the validity of the associated solutions is
naturally restricted to those regions of the Kerr geometry where the Boyer–Lindquist coordinates are well-defined.
And as they become singular at the event and the Cauchy horizon, respectively, the dynamics of Dirac particles
near and across these horizons cannot be properly described in these coordinates. In this article, we resolve
this problem by employing a particular analytic extension of the Boyer–Lindquist coordinates that is regular
at the horizons, thus, covering both the exterior and interior black hole regions and allowing for well-defined
transitions of Dirac particles across the horizons. This analytic extension, the so-called advanced Eddington–
Finkelstein-type coordinates, also features a proper time function (unlike the original advanced Eddington–
Finkelstein null coordinates [14, 15]), which is required for – and gives rise to – the Hamiltonian formulation of
the Dirac equation as the fundamental framework for the construction of the integral spectral representation of
the Dirac propagator. We point out that since the transformation from Boyer–Lindquist coordinates to advanced
Eddington–Finkelstein-type coordinates is singular at the event and the Cauchy horizon, and hence non-trivial, a
careful mathematical analysis on this issue is essential. Furthermore, as the mixing of the time and the azimuthal
angle variable that arises in this transformation leads to a symmetry breaking of structures inherent to Boyer–
Lindquist coordinates, it is a priori not clear that the separation of variables property of the Dirac equation
is conserved in advanced Eddington–Finkelstein-type coordinates. We also note that in the recent article [12],
a similar coordinate system is employed. This work concentrates on certain physical aspects of the massive
Dirac equation in horizon-penetrating coordinates, namely, using numerical methods, the energy spectrum and
the decay rates of bound states are computed. Here, on the other hand, the focus lies on rather mathematical
aspects, i.e., we derive the Newman–Penrose formalism of the Dirac equation in horizon-penetrating coordinates,
present a detailed analysis of the asymptotics of the Dirac spinors at space-like infinity, the event horizon, and
the Cauchy horizon, which includes accurate estimates of the decay of the associated errors, and discuss the
nature and specific properties of the angular eigenfunctions and eigenvalues. Besides, instead of using advanced
Eddington–Finkelstein-type coordinates, one may as well choose different horizon-penetrating coordinates such
as Doran coordinates [13] or generalized Kruskal–Szekeres coordinates [8, 27, 34]. These are, however, far more
complicated in their handling and result in more intricate computations.
We perform the mode analysis of the massive Dirac equation in the non-extreme Kerr geometry in horizon-
penetrating coordinates as follows. Firstly, in Section II, we describe the Kerr geometry in the Newman–Penrose
formalism by a regular Carter tetrad in advanced Eddington–Finkelstein-type coordinates and calculate the
associated spin coefficients. Secondly, with these quantities, we define the massive Dirac equation in the chiral
representation in 2-spinor form, for which we employ a Newman–Penrose dyad basis for the 2-spinor space, in
Section III A. General overviews of the Newman–Penrose formalism and of the general relativistic Dirac equation
are given in Appendices A and B. We note that the Newman–Penrose formalism is well suited for the analysis
of radiative and particle transport in curved spacetimes, especially for the propagation of Dirac particles in
the Kerr geometry, because it can be arranged to reflect symmetries – or be adapted to certain aspects – of
the underlying spacetime, which results in the reduction of the number of conditional equations and leads to
simplified expressions for geometric quantities. Next, considering a factorization of the Dirac spinors in time and
azimuthal angle modes, we show the separability of the massive Dirac equation in horizon-penetrating advanced
Eddington–Finkelstein-type coordinates into radial and angular ODE systems by means of Chandrasekhar’s
3product ansatz. Thirdly, we determine the asymptotic radial solutions at infinity, the event horizon, and the
Cauchy horizon in Sections III B-III D. Moreover, we demonstrate that the associated errors have suitable decay.
In Section III E, we first show that by decoupling the angular system, one obtains the usual Chandrasekhar–Page
equation. Then, we discuss the nature and certain properties of both the corresponding set of eigenfunctions
and the eigenvalue spectrum. Finally, in Section IV, we apply the radial asymptotics at infinity and at the
event horizon, as well as a normalization condition for the angular eigenfunctions, to the physical problem of
scattering of massive Dirac particles by the gravitational field of a rotating Kerr black hole. More precisely,
we derive a conservation law for the net current of Dirac particles in horizon-penetrating coordinates, which is
in accordance with the one for Boyer–Lindquist coordinates, and further evaluate the net current at space-like
infinity and at the event horizon, yielding a condition for the reflection and transmission coefficients. We find
that, on the one hand, superradiance does not occur and, on the other hand, the conserved net current stays
positive across the event horizon. This article provides the basis for a Hamiltonian formulation of the massive
Dirac equation in the non-extreme Kerr geometry in horizon-penetrating coordinates. Within this framework,
an integral spectral representation of the Dirac propagator that describes the dynamics of relativistic spin-1/2
fermions outside, across, and inside the event horizon, up to the Cauchy horizon, can be constructed. This is
worked out in detail in [19].
II. CARTER TETRAD AND SPIN COEFFICIENTS FOR THE KERR GEOMETRY IN
HORIZON-PENETRATING ADVANCED EDDINGTON–FINKELSTEIN-TYPE COORDINATES
The non-extreme Kerr geometry [25] is a connected, orientable and time-orientable, smooth, asymptotically flat
Lorentzian 4-manifold (M, g) with topology S2×R2 that consists of a differentiable manifold M and a stationary,
axisymmetric Lorentzian metric g with signature (1, 3), which in Boyer–Lindquist coordinates (t, r, θ, ϕ) [2], where
t ∈ R, r ∈ R>0, θ ∈ (0, pi), and ϕ ∈ [0, 2pi), is given by
g =
∆
Σ
(
dt− a sin2 (θ) dϕ)⊗ (dt− a sin2 (θ) dϕ)− sin2 (θ)
Σ
(
[r2 + a2] dϕ− adt)⊗ ([r2 + a2] dϕ− a dt)
− Σ
∆
dr ⊗ dr − Σ dθ ⊗ dθ .
(1)
The horizon function is defined by ∆ = ∆(r) := (r − r+)(r − r−) = r2 − 2Mr + a2, r± := M ±
√
M2 − a2
denote the event and the Cauchy horizon, respectively, M is the mass and aM the angular momentum of the
black hole with 0 ≤ a < M , and Σ = Σ(r, θ) := r2 + a2 cos2 (θ). We describe the Kerr geometry in terms of a
local Newman–Penrose null tetrad frame that is adapted to the principal null geodesics, i.e., the tetrad coincides
with the two principal null directions of the Weyl tensor. In this so-called Kinnersley frame [26], since the Kerr
geometry is algebraically special and of Petrov type D, we are presented with the computational advantage that
the four spin coefficients κ, σ, λ, and ν vanish and only one Weyl scalar, namely Ψ2, is non-zero. Accordingly,
the congruences formed by the two principal null directions must be geodesic and shear-free [30]. We construct
the Kinnersley tetrad directly from the tangent vectors of the principal null geodesics [8]
dt
dχ
=
r2 + a2
∆
E ,
dr
dχ
= ±E , dθ
dχ
= 0 , and
dϕ
dχ
=
a
∆
E , (2)
where χ is an affine parameter and E denotes a constant, by aligning the real-valued Newman–Penrose vectors l
and n with the associated principal null directions and further by choosing complex-conjugate Newman–Penrose
vectors m and m in such a way that they satisfy the conditions (A1)-(A3). Thus, we obtain the frame
l =
1
|∆|
(
[r2 + a2] ∂t + ∆ ∂r + a ∂ϕ
)
n =
sign(∆)
2 Σ
(
[r2 + a2] ∂t −∆ ∂r + a ∂ϕ
)
m =
1√
2
(
r + ia cos (θ)
)(ia sin (θ) ∂t + ∂θ + i csc (θ) ∂ϕ)
m = − 1√
2
(
r − ia cos (θ))(ia sin (θ) ∂t − ∂θ + i csc (θ) ∂ϕ)
(3)
4with the signum function
sign(∆) :=
{
+1 for ∆ ≥ 0
−1 for ∆ < 0 .
We remark that the use of the absolute value of the horizon function in l and the signum function in n leads to
a combined representation of the frame for the regions outside the event horizon, inside the event horizon up to
the Cauchy horizon, and inside the Cauchy horizon. For the calculation of the corresponding spin coefficients,
i.e., for solving the torsion-free Maurer–Cartan equation of structure (A4), one requires the dual co-tetrad of (3)
lD = sign(∆)
(
dt− Σ
∆
dr − a sin2 (θ) dϕ
)
nD =
|∆|
2 Σ
(
dt+
Σ
∆
dr − a sin2 (θ) dϕ
)
mD =
1√
2
(
r + ia cos (θ)
)(ia sin (θ) dt− Σ dθ − i [r2 + a2] sin (θ) dϕ)
mD = − 1√
2
(
r − ia cos (θ))(ia sin (θ) dt+ Σ dθ − i [r2 + a2] sin (θ) dϕ) .
However, before determining the spin coefficients, we apply a class III local Lorentz transformation (A5) with
parameters of the form
ς =
√
|∆|
2 Σ
and eiψ =
√
Σ
r − ia cos (θ)
to the Kinnersley tetrad (3) in order to obtain the so-called Carter tetrad
l′ =
1√
2 Σ |∆|
(
[r2 + a2] ∂t + ∆ ∂r + a ∂ϕ
)
n′ =
sign(∆)√
2 Σ |∆|
(
[r2 + a2] ∂t −∆ ∂r + a ∂ϕ
)
m′ =
1√
2 Σ
(
ia sin (θ) ∂t + ∂θ + i csc (θ) ∂ϕ
)
m ′ = − 1√
2 Σ
(
ia sin (θ) ∂t − ∂θ + i csc (θ) ∂ϕ
)
,
(4)
for which the dual co-tetrad reads
l′D =
√
|∆|
2 Σ
sign(∆)
(
dt− Σ
∆
dr − a sin2 (θ) dϕ
)
n′D =
√
|∆|
2 Σ
(
dt+
Σ
∆
dr − a sin2 (θ) dϕ
)
m′D =
1√
2 Σ
(
ia sin (θ) dt− Σ dθ − i [r2 + a2] sin (θ) dϕ)
m ′D = −
1√
2 Σ
(
ia sin (θ) dt+ Σ dθ − i [r2 + a2] sin (θ) dϕ) .
(5)
5This frame transforms under the composition of the discrete time and azimuthal angle reversal isometries t 7→ −t
and ϕ 7→ −ϕ as
l′ 7→ −sign(∆)n′ , n′ 7→ −sign(∆) l′ , m′ 7→m ′ , m ′ 7→m′ ,
thus giving rise to only six independent spin coefficients
κ′ = −ν′ , pi′ = −τ ′ , α′ = −β′ , σ′ = sign(∆)λ′ , µ′ = sign(∆) %′ , ′ = sign(∆) γ′ .
Moreover, we require a suitable coordinate system to analyze the propagation of Dirac particles across the event
and the Cauchy horizon. Using Boyer–Lindquist coordinates, we have to deal with singularities at the horizons
and with a reversal of the roles of space and time in between. These undesirable properties are depicted in
the Finkelstein diagram in Figure 1, which shows the light cone of a system that approaches – and crosses –
the event horizon from outside the black hole. More precisely, approaching the event horizon, the light cone
closes up and eventually becomes degenerate. Beyond the event horizon, it tilts over, yielding a reversal of
the specific characteristics of the time and the radial variable. These issues preclude a proper study of the
propagation of Dirac particles across the horizons. Hence, instead of Boyer–Lindquist coordinates, we employ
advanced Eddington–Finkelstein-type coordinates, which are regular in the entire black hole spacetime except
for the ring singularity at (r = 0, θ = pi/2), and therefore allow for well-defined transitions of Dirac particles
across the horizons. Furthermore, they feature a time function required for the Hamiltonian formulation of the
Dirac equation and the corresponding Cauchy problem. In the following, we construct the advanced Eddington–
Finkelstein-type coordinates from the tangent vectors (2) associated with the ingoing principal null geodesics,
which are defined in terms of the usual Boyer–Lindquist coordinates. Combining the first and the second as
well as the second and the fourth tangent vector, we obtain the two relations between the time and the radial
coordinate
dt
dr
= ±r
2 + a2
∆
⇔ t = ±
∫
r2 + a2
∆
dr + c± = ±r? + c± (6)
and the two relations between the azimuthal angle and the radial coordinate
dϕ
dr
= ± a
∆
⇔ ϕ = ±
∫
a
∆
dr + c′± = ±
a
r+ − r− ln
∣∣∣∣r − r+r − r−
∣∣∣∣+ c′± , (7)
respectively, where
r? := r +
r2+ + a
2
r+ − r− ln |r − r+| −
r2− + a
2
r+ − r− ln |r − r−|
is the Regge–Wheeler coordinate and c±, c′± are constants of integration. The relations for the ingoing principal
null geodesics, that is the branches of (6) and (7) with negative sign, constitute the transformation from Boyer–
Lindquist coordinates to advanced Eddington–Finkelstein-type coordinates
R× R>0 × (0, pi)× [0, 2pi)→ R× R>0 × (0, pi)× [0, 2pi) , (t, r, θ, ϕ) 7→ (τ, r, θ, φ)
with
τ := t+ r? − r = t+
r2+ + a
2
r+ − r− ln |r − r+| −
r2− + a
2
r+ − r− ln |r − r−| (8)
φ := ϕ+
a
r+ − r− ln
∣∣∣∣r − r+r − r−
∣∣∣∣ . (9)
We point out that since the relations (6) and (7) only hold along the principal null geodesics, the advanced
Eddington–Finkelstein-type coordinates are therefore adapted to the ingoing principal null geodesics. Moreover,
in the definition of the time coordinate (8), the additional term −r was introduced in order for τ to be a proper
time function, which is explicitly verified below. These coordinates are free of singularities at the horizons and
their spatio-temporal characteristics across the horizons are conserved. This can be seen in the Finkelstein
diagram presented in Figure 2, where we again show a system approaching – and crossing – the event horizon
from outside the black hole, but now the light cone is non-degenerate at the event horizon and is not tilted over
in between the event and the Cauchy horizon. Besides, ingoing light rays are represented simply by straight lines,
6rrrr = 0
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FIG. 1: Causal structure of the non-extreme Kerr geometry in Boyer–Lindquist coordinates. A projection onto the (t, r)-
plane, where every point is a 2-sphere, is presented. The real-valued Newman–Penrose null vectors l and n, which point
along the principal null directions, form the light cones. The light cone of an observer approaching the event horizon from
outside the black hole (r ↘ r+) closes up and becomes degenerate. In contrast, it opens up when the observer approaches
the event horizon from inside the black hole (r ↗ r+). This stems from the fact that the roles of space and time are
reversed in the black hole interior region II. When r → ∞, the light cone becomes a 45◦-Minkowski light cone because
the spacetime is asymptotically flat. We note that all figures are restricted to regions I and II in order to avoid the issues
that arise when one considers the ring singularity at (r = 0, θ = pi/2) and the maximum analytic extension.
rrrr = 0
IIIIIIτ
+-
FIG. 2: Causal structure of the non-extreme Kerr geometry in advanced Eddington–Finkelstein-type coordinates. A
projection onto the (τ, r)-plane is presented. Ingoing light rays are straight lines pointing in the n-direction. The light
cone of an observer moving toward the event horizon from outside the black hole turns until – after having crossed the
event horizon – its future light cone is completely in the black hole interior. This shows the trapping characteristic of
event horizons.
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FIG. 3: Carter–Penrose diagrams for the non-extreme Kerr geometry in Boyer–Lindquist coordinates (left) and advanced
Eddington–Finkelstein-type coordinates (right). The blue lines represent constant-t hypersurfaces, the red lines constant-r
hypersurfaces, and the green lines constant-τ hypersurfaces. The constant-t and constant-r hypersurfaces are restricted
to either the exterior or the interior of the black hole. Their nature changes across the event horizon, i.e., space-like
hypersurfaces become time-like and vice versa. The constant-τ hypersurfaces (cut-off at the Cauchy horizon) are space-
like outside and inside the black hole and smooth across the event horizon.
as can be directly inferred from the first of the two relations between the advanced Eddington–Finkelstein-type
time and radial coordinates for ingoing and outgoing principal null geodesics
dτ
dr |in
= −1 and dτ
dr |out
= 1 +
4Mr
∆
,
which may be derived by inserting (8) into (6). The metric (1) represented in advanced Eddington–Finkelstein-
type coordinates becomes
g =
(
1− 2Mr
Σ
)
dτ ⊗ dτ − 2Mr
Σ
(
[dr − a sin2 (θ) dφ]⊗ dτ + dτ ⊗ [dr − a sin2 (θ) dφ])
−
(
1 +
2Mr
Σ
)(
dr − a sin2 (θ) dφ)⊗ (dr − a sin2 (θ) dφ)− Σ dθ ⊗ dθ − Σ sin2 (θ) dφ⊗ dφ .
As the associated induced metric tensor on constant-τ hypersurfaces
G := (gµν)|τ=const. =

−
(
1 +
2Mr
Σ
)
0 a sin2 (θ)
(
1 +
2Mr
Σ
)
0 −Σ 0
a sin2 (θ)
(
1 +
2Mr
Σ
)
0 − sin2 (θ)
[
Σ + a2 sin2 (θ)
(
1 +
2Mr
Σ
)]

,
with the leading principal minors
det(G1) = G11 = −Σ−1(Σ + 2Mr) < 0
det(G2) = G11G22 − G12G21 = Σ + 2Mr > 0
det(G3) = det(G ) = −Σ (Σ + 2Mr) sin2 (θ) < 0 ,
is negative definite and thus Riemannian, we recognize that the coordinate τ is a proper time function. In the
Carter–Penrose diagrams shown in Figure 3, we depict the constant-t and constant-r hypersurfaces in Boyer–
Lindquist coordinates (left diagram) and the constant-τ and constant-r hypersurfaces in advanced Eddington–
Finkelstein-type coordinates (right diagram). While the constant-t hypersurfaces become time-like inside the
8black hole in region II, the constant-τ hypersurfaces are always space-like and smoothly continued across the
horizons. We now express the Carter tetrad (4) and its dual (5) in terms of the advanced Eddington–Finkelstein-
type coordinates (8) and (9), yielding
l′ =
1√
2 Σ |∆|
(
[∆ + 4Mr] ∂τ + ∆ ∂r + 2a ∂φ
)
n′ =
√
|∆|
2 Σ
(∂τ − ∂r)
m′ =
1√
2 Σ
(
ia sin (θ) ∂τ + ∂θ + i csc (θ) ∂φ
)
m ′ = − 1√
2 Σ
(
ia sin (θ) ∂τ − ∂θ + i csc (θ) ∂φ
)
and
l′D =
√
|∆|
2 Σ
sign(∆)
(
dτ +
[
1− 2Σ
∆
]
dr − a sin2 (θ) dφ
)
n′D =
√
|∆|
2 Σ
(
dτ + dr − a sin2 (θ) dφ)
m′D =
1√
2 Σ
(
ia sin (θ) [dτ + dr]− Σ dθ − i [r2 + a2] sin (θ) dφ)
m ′D = −
1√
2 Σ
(
ia sin (θ) [dτ + dr] + Σ dθ − i [r2 + a2] sin (θ) dφ) .
Since the real-valued Newman–Penrose vector l′ and its dual l′D are both still singular at the horizons, we apply
another class III local Lorentz transformation (A5) with parameters
ς =
√|∆|
r+
and ψ = 0 ,
which leads to the regular Carter tetrad
l′′ =
1√
2 Σ r+
(
[∆ + 4Mr] ∂τ + ∆ ∂r + 2a ∂φ
)
n′′ =
r+√
2 Σ
(∂τ − ∂r)
m′′ =
1√
2 Σ
(
ia sin (θ) ∂τ + ∂θ + i csc (θ) ∂φ
)
m ′′ = − 1√
2 Σ
(
ia sin (θ) ∂τ − ∂θ + i csc (θ) ∂φ
)
(10)
and to the dual co-tetrad
l′′D =
∆√
2 Σ r+
(
dτ +
[
1− 2Σ
∆
]
dr − a sin2 (θ) dφ
)
n′′D =
r+√
2 Σ
(
dτ + dr − a sin2 (θ) dφ)
9m′′D =
1√
2 Σ
(
ia sin (θ) [dτ + dr]− Σ dθ − i [r2 + a2] sin (θ) dφ)
m ′′D = −
1√
2 Σ
(
ia sin (θ) [dτ + dr] + Σ dθ − i [r2 + a2] sin (θ) dφ) .
Substituting the latter into – and solving – the torsion-free Maurer–Cartan equation of structure (A4), we
obtain regular spin coefficients for the non-extreme Kerr geometry in horizon-penetrating advanced Eddington–
Finkelstein-type coordinates
κ′′ = σ′′ = λ′′ = ν′′ = 0 , pi′′ = −τ ′′ = ia sin (θ)√
2 Σ
(
r − ia cos (θ)) , µ′′ = − r+√2 Σ (r − ia cos (θ)) ,
%′′ = − ∆√
2 Σ r+
(
r − ia cos (θ)) , γ′′ = − r+23/2√Σ (r − ia cos (θ)) , ′′ = r2 − a2 − 2ia cos (θ) (r −M)23/2√Σ r+(r − ia cos (θ)) ,
α′′ = −β′′ = − 1
(2 Σ)3/2
(
[r2 + a2] cot (θ)− ira sin (θ)) .
(11)
III. THE MASSIVE DIRAC EQUATION IN THE ANALYTICALLY EXTENDED KERR
GEOMETRY
We determine the explicit form of the massive Dirac equation in the non-extreme Kerr geometry in horizon-
penetrating advanced Eddington–Finkelstein-type coordinates using the Newman–Penrose formalism. We show
its separability into first-order radial and angular ODE systems, perform asymptotic analyses of the radial
solution at infinity, the event horizon, and the Cauchy horizon, and discuss the set of angular eigenfunctions as
well as the corresponding eigenvalue spectrum.
A. Chandrasekhar’s Mode Analysis and Separation of Variables
Inserting the regular Carter tetrad (10) and the associated spin coefficients (11) into the massive Dirac equation
(B5) and employing the mode ansatz (see, e.g., [8])
Fi(τ, r, θ, φ) = e
−i(ωτ+kφ) (r − ia cos (θ))−1/2Hi(r, θ)
Gi(τ, r, θ, φ) = e
−i(ωτ+kφ) (r + ia cos (θ))−1/2Ji(r, θ) , (12)
where ω ∈ R is the frequency, k ∈ Z+ 1/2 the wave number, and i ∈ {1, 2}, we obtain the system of first-order
partial differential equations
r−1+
(
∆ ∂r + r −M − iω (∆ + 4Mr)− 2iak
)
H1 +
(
∂θ + 2
−1 cot (θ)− aω sin (θ)− k csc (θ))H2
= im
(
r − ia cos (θ))J1
r+(∂r + iω)H2 −
(
∂θ + 2
−1 cot (θ) + aω sin (θ) + k csc (θ)
)
H1 = −im
(
r − ia cos (θ))J2
r−1+
(
∆ ∂r + r −M − iω (∆ + 4Mr)− 2iak
)
J2 −
(
∂θ + 2
−1 cot (θ) + aω sin (θ) + k csc (θ)
)
J1
= im
(
r + ia cos (θ)
)
H2
r+(∂r + iω)J1 +
(
∂θ + 2
−1 cot (θ)− aω sin (θ)− k csc (θ))J2 = −im(r + ia cos (θ))H1
for the functionsHi andJi, which depends only on the radial and polar angle variables. This system is separable
by means of the product ansatz
10
H1(r, θ) = R+(r)T+(θ)
H2(r, θ) = R−(r)T−(θ)
J1(r, θ) = R−(r)T+(θ)
J2(r, θ) = R+(r)T−(θ) ,
yielding the first-order radial ODE system(
∆ ∂r + r −M − iω (∆ + 4Mr)− 2iak
)
R+ = r+(ξ + imr)R−
r+(∂r + iω)R− = (ξ − imr)R+
and the first-order angular ODE system(
∂θ + 2
−1 cot (θ)− aω sin (θ)− k csc (θ))T− = −(ξ −ma cos (θ))T+(
∂θ + 2
−1 cot (θ) + aω sin (θ) + k csc (θ)
)
T+ =
(
ξ +ma cos (θ)
)
T−
with ξ being the constant of separation. Using the functions R˜+ :=
√|∆|R+ and R˜− := r+R−, the radial
system may be transformed into the more symmetric form(
∆ ∂r − iω (∆ + 4Mr)− 2iak
)
R˜+ =
√
|∆| (ξ + imr) R˜−
∆(∂r + iω) R˜− = sign(∆)
√
|∆| (ξ − imr) R˜+ .
(13)
For the analysis of the radial asymptotics at infinity, the event horizon, and the Cauchy horizon, it is, however,
advantageous to work with the matrix representation
∂rR˜ = U(r) R˜ , (14)
where R˜ :=
(
R˜+, R˜−
)T
and
U(r) :=
1
∆
 i (ω(∆ + 4Mr) + 2ak) √|∆| (ξ + imr)
sign(∆)
√|∆| (ξ − imr) −iω∆
 .
Furthermore, in this representation, the singular points of the radial system can be derived straightforwardly [9].
We find that U has singularities of rank µ = 0 at r = r±, that is, the event and the Cauchy horizon are regular
singular points of (13), even though, there, both the coordinate system and the tetrad frame are non-singular.
As a consequence, the regions outside the event horizon r+ < r, between the event and the Cauchy horizon
r− < r < r+, and inside the Cauchy horizon r < r− have to be considered separately. We emphasize that this
is a particularity of the specific mode ansatz (12). Besides, the matrix representation of the angular system is
given by
A(θ)T = ξT (15)
with T := (T+,T−)
T
and
A(θ) :=
 ma cos (θ) −∂θ − 2−1 cot (θ) + aω sin (θ) + kcsc(θ)
∂θ + 2
−1 cot (θ) + aω sin (θ) + kcsc(θ) −ma cos (θ)
 .
B. Asymptotic Analysis of the Radial Solution at Infinity
Following the approach of [18], we derive the asymptotic solution of the radial system (14) for r → ∞ and
examine the decay of the associated error. This solution, in addition to the radial asymptotics at the event and
the Cauchy horizon, can be used to describe the scattering process of Dirac particles by the gravitational field of
a rotating Kerr black hole (cf. Section IV) and for the construction of an integral spectral representation of the
Dirac propagator [19], both in horizon-penetrating coordinates. We begin by expressing the radial system (14)
in terms of the Regge–Wheeler coordinate
∂r?R˜ = T (r?) R˜ , (16)
11
where T (r?) := ∆/(r
2 + a2)U(r?). Employing the diagonal matrix S := D
−1TD = diag(λ1, λ2), with D being
the diagonalization matrix and λ1/2 the eigenvalues of T , this system can be written in the form
∂r?
(
D−1R˜
)
=
[
S −D−1(∂r?D)
](
D−1R˜
)
.
Hence, using the ansatz
R˜(r?) = D(r?)
(
eiΦ+(r?) f1(r?)
e−iΦ−(r?) f2(r?)
)
,
we obtain an ODE system for f := (f1, f2)
T given by
∂r?f =
[
S −W−1D−1(∂r?D)W −W−1∂r?W
]
f ,
where W := diag(eiΦ+ , e−iΦ−). We determine the functions Φ± by imposing the condition S = W−1∂r?W , i.e.,
∂r?Φ+ = −iλ1 and ∂r?Φ− = iλ2 , (17)
which yields
∂r?f = −W−1D−1(∂r?D)W f . (18)
Lemma III.1. Every nontrivial solution R˜ of (16) for |ω| > m is asymptotically as r → ∞ of the oscillatory
form
R˜(r?) = R˜∞(r?) + E∞(r?) = D∞
(
f
(1)
∞ eiφ+(r?)
f
(2)
∞ e−iφ−(r?)
)
+ E∞(r?) , (19)
where
D∞ :=
(
cosh (Ω) sinh (Ω)
sinh (Ω) cosh (Ω)
)
with Ω :=
1
4
ln
(
ω −m
ω +m
)
, (20)
the functions
φ±(r?) := sign(ω)
[
−
√
ω2 −m2 r? +M
(
± 2ω − m
2
√
ω2 −m2
)
ln (r?)
]
(21)
are the asymptotic phases, and f∞ :=
(
f
(1)
∞ , f
(2)
∞
)T 6= 0 is a vector-valued constant. The error E∞ has polynomial
decay
‖E∞(r?)‖ ≤ a
r?
(22)
for a suitable constant a ∈ R>0. In the case |ω| < m, the non-trivial solution R˜ has both contributions that show
exponential decay ∼ e−
√
m2−ω2 r? and exponential growth ∼ e
√
m2−ω2 r? .
Proof. In the limit r →∞, the matrix T defined in (16) converges to
T∞ := lim
r?→∞
T = i
(
ω m
−m −ω
)
. (23)
Moreover, it has a regular expansion in powers of 1/r?, i.e., T = T∞ +O(1/r?). Accordingly, both the diagonal
matrix S and the diagonalization matrix D also have regular expansions in powers of 1/r?. The eigenvalues of
(23) read
λ
(0)
1/2 = ∓ sign(ω)×
{
i
√
ω2 −m2 ∈ C for |ω| > m√
m2 − ω2 ∈ R for |ω| < m . (24)
For |ω| > m, the diagonalization matrix D∞ := limr?→∞D associated with (23) is given by expression (20).
This can be easily verified by direct calculation. Furthermore, with the asymptotic first-order eigenvalues of T
λ
(1)
1/2 = sign(ω)
[
∓ i
√
ω2 −m2 + iM
r?
(
2ω ∓ m
2
√
ω2 −m2
)]
,
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we can solve (17) by simple integration and obtain (21) as the asymptotic phases. We point out that for the
determination of the asymptotic phases, it is of paramount importance to take the first-order terms of the
asymptotic eigenvalues into account because they yield contributions to the radial solution that do not decay at
infinity. However, the first-order terms play no role in the computation of D∞, as the corresponding contributions
can be absorbed into the error E∞. Next, since for r? sufficiently close to infinity the Hilbert–Schmidt norms of
D−1 and ∂r?D are bounded from above by
‖D−1‖HS ≤ c and ‖∂r?D‖HS ≤
d
r2?
,
where both c and d denote positive constants, the C2-norm of (18) may be estimated by
‖∂r?f‖ ≤ 2 ‖D−1‖HS · ‖∂r?D‖HS · ‖f‖ ≤
2cd
r2?
‖f‖ (25)
with ‖W‖HS = ‖W−1‖HS =
√
2. Applying the triangle and the Cauchy–Schwarz inequality, one can derive the
following inequality∣∣∂r?‖f‖∣∣ = |∂r? 〈f, f〉|2 ‖f‖ = |〈f, ∂r?f〉+ 〈∂r?f, f〉|2 ‖f‖ ≤ |〈f, ∂r?f〉|+ |〈∂r?f, f〉|2 ‖f‖ = |〈f, ∂r?f〉|‖f‖ ≤ ‖f‖ · ‖∂r?f‖‖f‖ = ‖∂r?f‖ .
Using this inequality in (25), we find ∣∣∂r?‖f‖∣∣ ≤ 2cdr2? ‖f‖ . (26)
We note that ‖f‖ 6= 0 because R˜ has to be nontrivial. Now, integrating (26) with respect to the Regge–Wheeler
coordinate from r0 to r? and employing the triangle inequality for integrals gives for all 0 < r0 ≤ r?∣∣∣∣∫ r?
r0
∂r′? ln ‖f‖ dr′?
∣∣∣∣ ≤ ∫ r?
r0
∣∣∂r′? ln ‖f‖∣∣dr′? ≤ 2cd ∫ r?
r0
dr′?
r′2?
,
and hence ∣∣∣∣ln ‖f‖∣∣∣r?r0
∣∣∣∣ ≤ −2cdr′?
∣∣∣∣r?
r0
.
Consequently, since 0 < 2cd/r′?
∣∣r0
r?
<∞, there exists a constant N > 0 such that
1
N
≤ ‖f‖ ≤ N . (27)
Combining this with (25), we obtain for sufficiently large values of r?
‖∂r?f‖ ≤
b
r2?
, (28)
where b := 2cdN , which implies that f is integrable and, according to (27), has a finite, non-zero limit f∞ :=
limr?→∞ f(r?) 6= 0. Integrating (28) from r? to ∞ and again using the triangle inequality for integrals yields the
error estimate
‖Ef‖ = ‖f− f∞‖ =
∥∥∥∥∫ ∞
r?
∂r′?fdr
′
?
∥∥∥∥ ≤ ∫ ∞
r?
‖∂r′?f‖ dr′? ≤
b
r?
. (29)
The polynomial 1/r?-decay of the error E∞ in (22) follows directly from the estimate (29) and the fact that the
matrices T and D – and therefore their eigenvalues – have regular expansions in powers of 1/r?. This can be
verified via the following short computation. Inserting the expansion of D and of the eigenvalues of T into the
C2-norm of the error E∞, we find
‖E∞‖ =
∥∥R˜ − R˜∞∥∥ =
∥∥∥∥∥D
(
eiΦ+ f1
e−iΦ− f2
)
−D∞
(
f
(1)
∞ eiφ+
f
(2)
∞ e−iφ−
)∥∥∥∥∥
=
∥∥∥∥∥
[
D∞ +O
(
1
r?
)](
eiφ++O(1/r?) f1
e−iφ−+O(1/r?) f2
)
−D∞
(
f
(1)
∞ eiφ+
f
(2)
∞ e−iφ−
)∥∥∥∥∥ .
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Subsequently, we collect terms of the order O(1/r?) and apply the triangle inequality as well as the submulti-
plicativity property of operator norms, which results in the estimate
‖E∞‖ =
∥∥∥∥D∞W∞ (f− f∞) +O( 1r?
)∥∥∥∥ ≤ ‖D∞‖HS · ‖W∞‖HS · ‖Ef‖+ ∥∥∥∥O( 1r?
)∥∥∥∥ ,
where W∞ := diag(eiφ+ , e−iφ−)T. Since D∞ is a constant, non-zero matrix, the associated Hilbert–Schmidt norm
yields a positive constant. Moreover, one immediately verifies that ‖W∞‖HS =
√
2. From this and (29), we can
thus conclude that the error E∞ has the polynomial decay ‖E∞‖ ≤ a/r?, with a being a positive constant. We
note in passing that in the case |ω| < m, it is obvious from the zero-order eigenvalues (24) that the non-trivial
solution R˜ has contributions with exponential decay and exponential growth. 
C. Asymptotic Analysis of the Radial Solution at the Event Horizon
In order to derive the asymptotics of (16) at the event horizon, we employ the solution ansatz
R˜ =
(
e2i
(
ω+kΩ
(+)
Kerr
)
r? g1(r?)
g2(r?)
)
,
where Ω
(+)
Kerr := a/(2Mr+) is the angular velocity of the event horizon, obtaining an ODE system for g := (g1, g2)
T
given by
∂r?g = −
i
r2 + a2
2k (2MΩ(+)Kerr r − a)( 1 00 0
)
+ sign(∆)
√
|∆|
×

√|∆| (ω + 2kΩ(+)Kerr) e−2i(ω+kΩ(+)Kerr)r? sign(∆) (iξ −mr)
e2i
(
ω+kΩ
(+)
Kerr
)
r?(iξ +mr)
√|∆|ω

g .
(30)
In the limit r ↘ r+, the right hand side of this system vanishes, and thus we find the asymptotic solution
gr+ := limr↘r+ g = const.
Lemma III.2. Every nontrivial solution R˜ of (16) is asymptotically as r ↘ r+ of the form
R˜(r?) = R˜r+(r?) + Er+(r?) =
(
g
(1)
r+ e
2i
(
ω+kΩ
(+)
Kerr
)
r?
g
(2)
r+
)
+ Er+(r?) (31)
with
gr+ :=
(
g(1)r+ , g
(2)
r+
)T
= const. 6= 0
and an error Er+ with exponential decay
‖Er+(r?)‖ ≤ p eqr?
for r sufficiently close to r+ and suitable constants p, q ∈ R>0.
Proof. For r ↘ r+, as r ∼ r+ + e2qr? with q := (r+ − r−)/(4Mr+) ∈ R>0, the right hand side of (30) is of the
order O(eqr?). Hence, there exists a constant p′ ∈ R>0 such that for r? sufficiently close to −∞
‖∂r?g‖ ≤ p′eqr?‖g‖ . (32)
From this inequality, following the method of proof of the previous subsection, we can derive the estimate∣∣∣∣ln ‖g‖∣∣∣r0
r?
∣∣∣∣ ≤ p′q eqr′? ∣∣∣r0r?
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for all r? ≤ r0, and since eqr′?
∣∣r0
r?
is positive, there is a constant N ′ > 0 such that the C2-norm of g is bounded by
1
N ′
≤ ‖g‖ ≤ N ′ .
Combining this bound with inequality (32) yields
‖∂r?g‖ ≤ p eqr? , (33)
where p := p′N ′. Altogether, this implies that g is integrable and has a finite, non-zero limit for r? → −∞.
Integrating (33) with respect to the Regge–Wheeler coordinate from−∞ to r? and applying the triangle inequality
for integrals results in
‖Eg‖ = ‖g− gr+‖ =
∥∥∥∥∫ r?−∞ ∂r′?gdr′?
∥∥∥∥ ≤ ∫ r?−∞ ‖∂r′?g‖dr′? ≤ p eqr? , (34)
which proves the exponential decay of the error Eg. The exponential decay of the error Er+ follows directly from
(34). 
D. Asymptotic Analysis of the Radial Solution at the Cauchy Horizon
Similarly to the analysis of the radial asymptotics at the event horizon, we begin with a solution ansatz of the
form
R˜ =
(
e2i
(
ω+kΩ
(−)
Kerr
)
r? h1(r?)
h2(r?)
)
,
where Ω
(−)
Kerr := a/(2Mr−) is the angular velocity of the Cauchy horizon, and substitute it into the system (16).
This leads to an ODE system for h := (h1, h2)
T reading
∂r?h = −
i
r2 + a2
2k (2MΩ(−)Kerrr − a)( 1 00 0
)
+ sign(∆)
√
|∆|
×

√|∆| (ω + 2kΩ(−)Kerr) e−2i(ω+kΩ(−)Kerr)r? sign(∆) (iξ −mr)
e2i
(
ω+kΩ
(−)
Kerr
)
r?(iξ +mr)
√|∆|ω

h .
In the limit r ↘ r−, the square bracket on the right hand side vanishes, giving rise to the asymptotic radial
solution hr− := limr↘r− h = const.
Lemma III.3. Every nontrivial solution R˜ of (16) is asymptotically as r ↘ r− of the form
R˜(r?) = R˜r−(r?) + Er−(r?) =
(
h
(1)
r− e
2i
(
ω+kΩ
(−)
Kerr
)
r?
h
(2)
r−
)
+ Er−(r?) ,
with
hr− :=
(
h(1)r− , h
(2)
r−
)T
= const. 6= 0
and an error Er− with exponential decay
‖Er−(r?)‖ ≤ u e−vr?
for r sufficiently close to r− and suitable constants u, v ∈ R>0.
Proof. The proof of this lemma is identical to the proof of Lemma III.2. 
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E. Angular Eigenfunctions and Eigenvalues
We discuss the set of eigenfunctions as well as the eigenvalue spectrum of the angular system (15), which in its
decoupled second-order form is known as the massive Chandrasekhar–Page equation [8][
∂θθ +
(
cot (θ)± ma sin (θ)
ξ ±ma cos (θ)
)
∂θ − csc
2 (θ)
2
(
1− 3 cos
2 (θ)
2
)
− 2kaω −
(
cot (θ)
2
∓ aω sin (θ)
)2
−
(
cot (θ)
2
± k csc (θ)
)2
± ma sin (θ)
ξ ±ma cos (θ)
(
cot (θ)
2
± aω sin (θ)± k csc (θ)
)
+ ξ2 −m2a2 cos2 (θ)
]
T± = 0 .
In the limit a↘ 0, the solutions of this equation reduce to the spin-weighted spherical harmonics for the spin-1/2
case [22]. For non-zero angular momenta, the solutions are usually referred to as spin-1/2 spheroidal harmonics.
A good introduction and a compilation of the basic properties of these functions can be found in the recent paper
[11]. For the purposes of the present work and the constructions in [19], it is, however, only of importance that
the matrix-valued differential operator on the left hand side of (15) has a spectral decomposition with smooth
eigenfunctions and discrete, non-degenerate eigenvalues, which was already proven in [16, 18]. In the following,
we state the relevant results.
Proposition III.4. For any ω ∈ R and k ∈ Z + 1/2, the differential operator in (15) has a complete set of
orthonormal eigenfunctions (Tn)n∈Z in L2
(
(0, pi), sin (θ) dθ
)2
that are bounded and smooth away from the poles.
The corresponding eigenvalues ξn are real-valued and non-degenerate, and can thus be ordered as ξn < ξn+1.
Both the eigenfunctions and the eigenvalues depend smoothly on ω.
IV. SCATTERING OF MASSIVE DIRAC PARTICLES BY THE GRAVITATIONAL FIELD OF A
ROTATING KERR BLACK HOLE
In this section, we study the scattering of massive Dirac particles by the gravitational field of a rotating
Kerr black hole from the point of view of an observer described by horizon-penetrating advanced Eddington–
Finkelstein-type coordinates. To this end, we consider Dirac particles that emerge from space-like infinity and
propagate toward the black hole’s event horizon, where they are either reflected or transmitted. We compute
the net current of Dirac particles at infinity as well as at the event horizon, and further derive a condition for
the reflection and transmission coefficients.
Using the asymptotic radial solutions at infinity (19) and the event horizon (31), we impose boundary
conditions specifying an incident wave of unit amplitude at infinity, a reflected wave of amplitude Aω,m at
infinity, and a transmitted wave of amplitude Bω,m at the event horizon, yielding
R˜scat.(r →∞) ∼ D∞
(
eiφ+(r?)
Aω,m e
−iφ−(r?)
)
(35)
and
R˜scat.(r ↘ r+) ∼
(
Bω,m e
2i
(
ω+kΩ
(+)
Kerr
)
r?
0
)
. (36)
We point out that these boundary conditions are chosen in conformity with the physical requirement that
classically no particles can emerge from the event horizon. Besides, only the branch ω > m is considered because
free particles at infinity must have energies that exceed – or at least equal – their rest energies. Next, assuming
the normalization condition
‖T+(θ)‖2 + ‖T−(θ)‖2 = 1
for the angular eigenfunctions (cf. Proposition III.4), the radial Dirac current (for definitions and notations see
Appendix B) becomes
Jr =
√
2σrAB′
(
PA P
B′
+QAQ
B′
)
=
1
r+Σ
(
sign(∆)
∥∥R˜+∥∥2 − ∥∥R˜−∥∥2)
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with the radial Infeld–van der Waerden symbol
σrAB′ =
(
lr mr
m r nr
)
AB′
=
1√
2 Σ r+
(
∆ 0
0 −r2+
)
AB′
.
As this current has jump discontinuities at the event and the Cauchy horizon (see the final paragraph of Section
III A), it has to be evaluated separately in each of the respective three regions. For the scattering problem at
hand, however, it suffices to consider the exterior region of the black hole r+ ≤ r, where the radial Dirac current
reads
Jr =
1
r+Σ
(∥∥R˜+∥∥2 − ∥∥R˜−∥∥2). (37)
From the radial system (14) and its complex conjugate, we obtain the relation∥∥R˜+∥∥2 − ∥∥R˜−∥∥2 = const.
via simple algebraic manipulations. Substituting this relation into the radial Dirac current (37), we derive the
conserved net current of Dirac particles
∂τN =
∫ 2pi
0
∫ pi
0
Jr
√
|det(g)| dθ dφ = 4pi
r+
(∥∥R˜+∥∥2 − ∥∥R˜−∥∥2) = const. ,
where N is the total number of Dirac particles and
√|det(g)| = Σ sin (θ). Defining the reflection and transmission
coefficients
Rω,m := |Aω,m|2 and Tω,m := |Bω,m|2
and employing the asymptotic radial solutions (35) and (36), the net current at infinity and at the event horizon
results in
∂τN |r→∞ =
4pi
r+
(1−Rω,m)
and
∂τN |r↘r+ =
4pi
r+
Tω,m .
From the constancy of the net current and these expressions, we infer that
Rω,m + Tω,m = 1 ,
which proves that superradiance cannot occur because the reflection coefficient is always less than unity. Fur-
thermore, we have shown that the net current across the event horizon is always positive. These results are in
agreement with those found in the accordant analysis of this scattering problem performed in terms of Boyer–
Lindquist coordinates (see [8] and references therein).
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Appendix A: The Newman–Penrose Formalism
We let (M, g) be a Lorentzian 4-manifold endowed with the unique, torsion-free Levi–Civita connection ω and
dual bases (eµ) and (e
µ), µ ∈ {0, 1, 2, 3}, on sections of the tangent and cotangent bundles TM and T ?M,
respectively. Moreover, we let FM and F ?M be local (orthonormal or null) frame bundles on M. The bases
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on sections of these frame bundles consist of four vectors and four dual co-vectors denoted by (e(a)) and (e
(a)),
a ∈ {0, 1, 2, 3}. In terms of the former bases of the tangent and cotangent spaces, they can be written as
e(a) = e
µ
(a)eµ and e
(a) = e (a)µ e
µ ,
where eµ(a) is a linear map from TM to FM, namely a (4× 4)-matrix, and e (a)µ is its inverse. In the Newman–
Penrose formalism [28], the local bases are composed of two real-valued null vectors, l = e(0) = e
(1) and
n = e(1) = e
(0), as well as a complex-conjugate pair of null vectors, m = e(2) = −e(3) and m = e(3) = −e(2)
(following the notation and terminology of [8]). These are required to satisfy the null conditions
l · l = n · n = m ·m = m ·m = 0 , (A1)
the orthogonality conditions
l ·m = l ·m = n ·m = n ·m = 0 , (A2)
and the cross-normalization conditions (which depend on the signature convention)
l · n = −m ·m = 1 . (A3)
The corresponding local metric is non-degenerate and constant, reading
η = gµν e
µ
(a) e
ν
(b) e
(a) ⊗ e(b) = l⊗ n+ n⊗ l−m⊗m−m⊗m .
In order to determine the connection in this formalism, we use the torsion-free Maurer–Cartan equation of
structure
de(a) = γ
(a)
(b)(c)e
(b) ∧ e(c) ,
in which the Ricci rotation coefficients (γ
(a)
(b)(c)) are related to the connection via
γ
(a)
(b)(c)e
(c) = e (a)µ de
µ
(b) + e
(a)
µ e
ν
(b) ω
µ
ν .
Inserting the dual null basis, this equation becomes
dl = 2 Re()n ∧ l− 2n ∧ Re(κm)− 2 l ∧ Re([τ − α− β]m)+ 2i Im(%)m ∧m
dn = 2 Re(γ)n ∧ l− 2n ∧ Re([α+ β − pi]m)+ 2 l ∧ Re(νm) + 2i Im(µ)m ∧m (A4)
dm = dm = (pi + τ)n ∧ l+ (2i Im()− %)n ∧m− σn ∧m+ (µ+ 2i Im(γ)) l ∧m
+ λ l ∧m− (α− β)m ∧m ,
where the so-called spin coefficients
κ = γ(2)(0)(0) % = γ(2)(0)(3)  =
1
2
(
γ(1)(0)(0) + γ(2)(3)(0)
)
σ = γ(2)(0)(2) µ = γ(1)(3)(2) γ =
1
2
(
γ(1)(0)(1) + γ(2)(3)(1)
)
λ = γ(1)(3)(3) τ = γ(2)(0)(1) α =
1
2
(
γ(1)(0)(3) + γ(2)(3)(3)
)
ν = γ(1)(3)(1) pi = γ(1)(3)(0) β =
1
2
(
γ(1)(0)(2) + γ(2)(3)(2)
)
constitute the connection representation in the Newman–Penrose formalism. Next, as tetrad frames may be
subjected to local Lorentz transformations at every point on the manifold, we briefly address the particular
tetrad transformations applied in Section II. These transformations are elements of the 2-parameter subgroup of
local Lorentz transformations known as class III or spin-boost Lorentz transformations [8, 30], which renormalize
the real-valued Newman–Penrose vectors l and n, leaving their directions unchanged, and rotate the complex-
conjugate pair m and m in the (m,m)-plane
l 7→ l′ = ς l , n 7→ n′ = ς−1n , m 7→m′ = eiψm , m 7→m ′ = e−iψm , (A5)
where the scale factor ς ∈ R\{0} and the angle ψ ∈ R are functions depending on the spacetime coordinates
(xµ). There are various aspects of the Newman–Penrose formalism that are not discussed in this appendix, such
as the different classes of local Lorentz transformations or the Weyl scalars and their algebraic classification.
These can be found elsewhere in the literature. We refer the interested reader to [30, 32].
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Appendix B: The General Relativistic Dirac Equation
The general relativistic, massive Dirac equation without an external potential is defined as [20, 37]
(γµ∇µ + im)Ψ(xµ) = 0 ,
where (γµ) are the general relativistic Dirac matrices, which satisfy the anticommutator relations
{γµ, γν} = 2gµν1C4 ,
∇ is the metric connection on the spin bundle SM = M× C4 on M given by
∇µ = ∂µ + 1
8
ωµαβ
[
γα, γβ
]
with ω being the spin connection and [ · , · ] the commutator, Ψ is a Dirac 4-spinor on sections SxM ' C4,
x ∈M, of the spin bundle, and m is the invariant fermion rest mass. Using the chiral 2-spinor representation of
the Dirac 4-spinors and matrices [21]
Ψ =
(
PA
QB′
)
and γµ =
√
2
(
0C2 σ
µAB′
σµAB′ 0C2
)
,
in which PA and QB′ denote 2-component spinors, (σ
µ
AB′ ) are the Hermitian (2 × 2)-Infeld–van der Waerden
symbols, and A ∈ {1, 2} as well as B′ ∈ {1′, 2′}, we obtain the following 2-spinor form of the Dirac equation
∇AB′PA + im√
2
QB′ = 0
∇AB′QA + im√
2
PB′ = 0 ,
(B1)
where∇AB′ = σµAB′∇µ. In this notation, quantities with primed indices are subjected to the complex conjugates
of the transformations that are applied to those labeled with unprimed indices. In order to express these equations
in the framework of the Newman–Penrose formalism, we now introduce the local dyad basis (ζ(k)) and its dual
(ζ(k)), k ∈ {1, 2}, for the space of Dirac 2-spinors. The associated local spinor components Y (k) and Y(k) are
related to the previous 2-spinor components Y A,YA ∈ C2 via the (2 × 2)-matrix ζ(k)A and its inverse ζ A(k) in
a similar vein as in the tetrad formalism by
Y (k) = ζ
(k)
AY
A and Y(k) = ζ
A
(k) YA .
In this representation, the metric connection reads
∇(k)(l′)Y (m) = ζA(k)ζ
B′
(l′) ζ
(m)
C∇AB′ Y C = ∂(k)(l′)Y (m) + Γ(m)(n)(k)(l′)Y (n) , (B2)
where ∂(k)(l′) = σ
µ
(k)(l′)∂µ and
Γ
(m)
(n)(k)(l′) = Γ
(m)(o′)
(n)(o′)(k)(l′) =
√
2 (m)(q) (o
′)(p′) σµ(q)(p′) σ
ν
(n)(o′) σ
λ
(k)(l′) e
(a)
µ e
(b)
ν e
(c)
λ γ(a)(b)(c) . (B3)
We remark that the 2-dimensional Levi–Civita symbol  acts as skew metric on C2. Moreover, the Infeld–van
der Waerden symbols take the form
σµ(k)(l′) =
(
lµ mµ
mµ nµ
)
. (B4)
Employing (B2)-(B4) in (B1) and using the notationF1 := P (1),F2 := P (2),G1 := Q
(2′)
, as well as G2 := −Q (1
′)
,
the general relativistic Dirac equation in the Newman–Penrose formalism becomes
(lµ∂µ + ε− %)F1 + (mµ∂µ + pi − α)F2 = im√
2
G1
(nµ∂µ + µ− γ)F2 + (mµ∂µ + β − τ)F1 = im√
2
G2
(lµ∂µ + ε− %)G2 − (mµ∂µ + pi − α)G1 = im√
2
F2
(nµ∂µ + µ− γ)G1 − (mµ∂µ + β − τ)G2 = im√
2
F1 .
(B5)
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